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Toward a semiempirical density functional theory
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The new ideas of bond electronegativity and bond hardness are introduced,
and a semiempirical density functional approach to the theory of molecular
electronic structure and chemical binding is outlined. There result effective
electronegativity equalization procedures that permit calculation of binding
energies as well as partial charges. By a modelling of the bond electronegativity
and bond hardness, a density functional interpretation of earlier bond charge
models is established. Some numerical results are given for diatomic molecules.
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1. Introduction

In recent years, density functional theory [1] has been shown to be a versatile
tool in many branches of physics and chemistry [2]. In electronic structure theory,
it has not only produced useful schemes for computation but it has also provided
a framework for introducing new concepts [1]. Among others, one has the
concepts of chemical potential [3] (the electronegativity of chemistry), chemical
hardness [4] (both global [5] and local [6]) and softness [7], Fukui function [8],
and local temperature of the electron cloud [9]. Some of these quantities had
been introduced earlier, and were already known to be very useful in chemistry,
but they now have received a stronger basis. With the help of two new conceptions,
bond electronegativity and bond hardness, the present paper further explores the
- applicability of the density functional formalism for understanding of the
chemical bond itself.

* Dedicated to Professor J. Koutecky on the occasion of his 65th birthday

** Present address: Heavy Water Division, Bhabha Atomic Research Centre, Bombay 400085, India
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Density functional theory (DFT) is exact and it is a theory of electron density.
It therefore should contain the theory of chemical bonds without resorting to
orbitals. That is the subject of the present work.

Charge density reorganization and transfer play an important role in molecule
formation. Concepts and methods have been developed in chemistry where the
net electron densities localized within certain regions (instead of the whole
electron density as a point function) are of prime concern. Examples are the
atomic charges within molecules [10], in general shared unequally between atoms
in a molecule. Although these charges find definition within conventional orbital
theories, for example, through Mulliken population analysis, they can also be
predicted through simple procedures like electronegativity equalization [11].
Electronegativity equalization was initially proposed without the rigor of theory,
but it has recently found rigorous justification [3, 12, 13].

Atomic charges correlate well with many properties [12], but simplified point
charge models sometimes fail to predict good energies [10, 14]. The main reason
is that charge transfer between atoms is set proportional to their electronegativity
difference; hence for homonuclear molecules, no net charge transfer is predicted.
Models based on atomic electronegativities alone fail to take proper account of
covalent binding, although empirical incorporation of covalent terms can lead
to reasonable results for energies [15, 16]. Charge accumulation in the bond
region plays a very important role in chemical binding [17], however, and so
may be expected to explicitly appear in the formulation.

To describe molecule formation within a density theory, we propose to invoke
the concept of bond electronegativity, by assigning an electronegativity value to
the bond region (normally higher than the isolated atom values) [18]. This is
rigorous since the chemical potential is defined at each point in space [3, 19].
For any region an electronegativity can be assigned; at equilibrium it must be
the same for all regions. A higher electronegativity at the bond center when two
atoms are brought to the equilibrium distance without charge transfer [20] can
account for charge transfer to the bond region, even for homonuclear molecules.
This new bond charge - bond electronegativity model thus involves three point
charges in a diatomic molecule - two on the atomic sites and another at the bond
center. Binding energy is predicted as the energy involved in this charge transfer
plus the electrostatic interaction among all charges.

A bond charge model for a chemical bond was earlier introduced involving two
localized charge centers at the two atomic sites and a bond charge[21-23]. The
bond charge was considered to be delocalized along the bond and the resultant
kinetic energy (evaluated from a one-dimensional box model) together with the
interaction energy of the three charges (calculated using the mean location of
the bond charge at the bond center) yielded the binding energy. The concern
was mainly for the potential energy curve and the constants W; and W, in the
total energy expression W(R)= W,+ W,/R+ W,/ R? were related to the charge,
force constant and the equilibrium distance. The term W, was subsequently
correlated with the bond charge [24] and an electronegativity concept was



Semiempirical density functional theory 381

introduced into this analysis [ 25-28]. In the present study, we shall attach density
functional interpretation to the constants W,, W,, W,, by modelling the bond
electronegativity and bond hardness, thereby obtaining a generalized bond charge
model based on DFT. We shall also find a close analogy to the classical semi-
empirical theofies of electronic structure [29-30].

2. Bond-charge bond-electronegativity model for chemical binding

The energy of a many-electron system characterized by an external potential v(r)
is a unique functional [1] of its electron density p(r). During the formation of
a molecule from the isolated atoms, the electron densities of the atoms undergo
distortion (mainly in the valence region leaving the core unaltered); also, the
electron cloud is subjected to a modified external potential. The potential v(r),
given by —Z/r for an isolated atom of nuclear charge Z, is now modified due
to the additional field arising from the nuclei and the charge cloud of the
neighboring species. Considering the diatomic case for simplicity, the process of
molecule formation can thus be viewed as a two-step process: first placing the
unperturbed atoms at a distance equal to the equilibrium distance R, and then
allowing the charge reorganization to occur with the interaction switched on
simultaneously. The bonding energy for the molecule AB therefore can be written
as an expansion in Ap(r) and Av(r),

AE:Emol_(E%+E(I)3)
oE 6E
=| ——A dr+ A d
Japm plr) dr Javm o) dr
+second order terms + Z,Zy/ R. (1)

This is a completely local formula involving local change in density and local
change in external potential [31]. Changes are relative to the unperturbed atoms,
placed, as indicated above, a distance R = R, apart.

We now develop a semilocal or regional approach by dividing the molecule into
three regions—the two atomic regions (0, and Qy and the bond region Q,g. The
energy, density, and potential changes can then be written as

AE=AE,+AEz+AE,g,
AP(") = ApA(r)reQA+Ap8(r)reQB+ApAB(r) reQaps
Av(r)= AUA(r)r€0A+ AUB(r)reﬂB+AUAB(r)r§ﬂAB- (2)

Such a spatial decomposition is not unique; nevertheless, it is useful. Equation
(1) thus becomes
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where Aux(r)l,e,,X is the potential change in ()« arising from the charges (nuclei
as well as electron cloud) occupying the neighbouring regions (r Q). The
integrations extend over the volumes indicated. The functional derivative 8E/&p
is the chemical potential u which is a constant under equilibrium conditions [3],
where one expects 6E/8ps=pus, SE/8pg=pug, etc. In the present situation,
however, in which two atoms are brought to equilibrium distance, not an equili-
brium situation before charge redistribution, one can include a weak r-depen-
dence of 8E/8p by writing, in each region A, B, AB,

8E
_E/J'X(r):/“‘X(Rg()+(r~R())()VMX|R=R)°( (4)
opx
where RY is centered in the region Q. Using (4) and the formulas 8E/8v(r) =
p(r), | Ap(r) dr=AN, etc., one then obtains from (3),

AE =pupANp+ upANg+ puapANsg+ Vi, - '[ ("—ROA)APA dr

Q4

+Vug: J- ("_R%)APB dr+Vuag - J (r—Rap)Apag dr
Qp Qan

R (5)

+J Palvy dr+J pAvy dr-l—J PagAvsg dr+ -+ -
Qa Qp LN

Here we have introduced the quantity wag=0E/8pap=0E/3Nsg, the bond
chemical potential. Introducing the atomic charges g5, gg and the bond charge
gap{q=—AN) and also the dipole moments d,, d, and d,; (dx=
~Ja, (r=RX)Ap dr), (5) becomes

AE =—ppqa— t8qs — Mandan

n quB+ QAQAB+ VELVEN]
R R4 Ry

FTVua datVug  dgtVuap - dap
+ - - - other terms involving dipole interactions, (6)

where the electrostatic terms have been approximated assuming electrostatic
interaction between point charges and dipoles. R, and Ry are distances of the
bond charge from atoms A and B. The terms involving the dipoles are very
important for dealing with polyatomic molecules, e.g. for studying the bent
geometry of a triatomic molecule, for which the presence of lone pairs plays a
vital role. The dipole terms can take into account this effect and thus lead to
correct predictions of molecular shapes [32]. We neglect these terms for the time
being.

Equation (6) includes only first-order terms, however, higher order corrections
can easily be incorporated, e.g. by considering terms second-order with respect
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to AN(q). Thus,
AE = —paga— peqds— MmaBgas
+ nAQfx"’ an§+ nAquB

+quB+quAB+quAB+ cen (7
R R, Ry

Here 7, and 7y are the atomic hardnesses defined as 7 =3(3u/oN). The bond
hardness m g is defined as

19
/o7 (8)
2 9qap

Nap =

Equation (7) shows that the energy change consists of the charge transfer contribu-
tion plus the electrostatic interaction between the resulting charges.

Using the conservation of charge
gatget+qas=0, (9)
(7) can be simplified to

AE = (pap—pa)qat+ (mas— un)ds

1 1
+(77A+ nAB_—)q2A+<77B+ 7’AB_—>q§3

R, Ry
1 1 1
+ fm i
(27]AB R R, RB) dadn (10)

This energy expression can also be viewed as the energy associated with the
creation of two charges g, and gg at two centers (one near A and another near
B) at an effective distance apart R.g=[2n,p+1/R—1/R,—1/Rg] "}, the effective
centers being characterized by effective chemical potentials (s — uag) and (ug—
nag) and effective hardnesses (na+ nag—1/R4) and (ng+ nap—1/Rg) respec-
tively.

By minimizing (10) with respect to g, and gz, we obtain

1 1 1 1
(ap—ma)+2 "IA“‘”UAB_‘E‘ gat|2nast—————|g9s=0,
A

R R, Ry
(tons— )+2( + —L) +[2 +1—L—L] ~o (11)
MaB— HB N8BT NaB R, qs NAB R R. Ry ga=0,

which can be solved for g, and g and hence g5 and the energy.

Equations (11) can also be obtained through the equalization of effective chemical
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potential at the two atoms and the bond center, that is by equating the three
expressions

P = —2m q _ 98 4aB
A A Ada="p R’
eff da 4qas
= —2 —_—
MB = MUB 7B8Y8 R Ry’
eff da ds
ond = -2 —— 12
M Bond = MAB N ABGAB R. R, (12)

The resulting expression for charge takes a very simple form for homonuclear
diatomic molecules,

_(,U’bond - ,u'atom)
2[natom+2nbond_% ) l/R] '
Thus, if the atomic and bond electronegativities and hardnesses are known, one
has a consistent scheme for the calculation of charges and energies for the
particular value of R. For heteronuclear diatomic molecules, although the atomic
and bond charges g,, gs and gap (= —g4— g5} can be calculated, the results will
depend on the choice of R, and Ry (R,+ Rz=R.) in the bond. Note that to
correlate with the atomic charges calculated by other methods, the bond charge
has to be suitably divided between the two atoms.

(13)

qa=(qs = _%qAB=

The molecule is here modelled as a collection of charges. This suggests a dielectric
model, in which one assumes a dielectric constant for the interaction between
the charges. Thus, the (g/R) type of terms in the above equations may be
multiplied by a factor k, the dielectric constant for the dielectric medium corre-
sponding to a molecule.

3. Semiempirical density functional theory

The connection of the present method with the semiempirical theories of
molecular electronic structure can be exposed by starting with the energy
expression in the Hiickel method [29],

E:Zarqr+ g 2PrsBrS' (14)
for a diatomic molecule, comparing with only the three terms of (7). One
establishes an equivalence by identifying the atomic coulomb integral o, with
the electronegativity x,(= —u,), the bond order p. with the bond charge —gq,,
and the resonance integral 8, with the bond chemical potential (actually g,,~
—2prs* Sis and x,(= — p,s) = —B,S5"). A comparison with the Wolfsberg-Helm-
holtz expression for B, B = K- 3S(a,+a,), implies y, = K- 3(x,+ x,). The fact
that the proportionality constant K is empirically greater than unity clearly
indicates that the bond electronegativity before bond formation is higher than
the average of the atomic electronegativities—consistent with a subsequent charge
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accumulation in the bond region. The observation that the electrostatic potential
at the covalent radius is a measure of the chemical potential [33] also argues
that the bond chemical potential (before bond formation) should be roughly the
sum of atomic chemical potentials.

The equivalence of the energy expression of (7) with Hiickel theory is in fact
complete only for a homonuclear diatomic molecule. The Hiickel method of
energy minimization with respect to the coefficients is equivalent to a minimization
with respect to charges [34] (also equivalent to effective electronegativity equaliz-
ation [13]). However, the evaluation of charges requires E to have a nonlinear
dependence on q. In Hiickel theory, the relation gag=+v gaqn * Sap provides the
nonlinearity; we have not assumed this. For the polyatomic case, furthermore,
equivalence is lacking due to the summation over molecular orbitals. Thus in
general the present approach provides a simple semiempirical density functional
theory, much like but not identical with the Hiickel method.

Here, the nonlinear dependence of E on g enters (7) through higher order terms.
Modifications of the Hiickel method by modifying the a-parameter to take into
account the charge-dependence - the so called w-technique [35], i.e.
a,=a;-wB ¢ ~0'B ¥ g, (15)
rEs
is equivalent to adding higher order terms involving hardness (75, =~ wB) and

potential R™'~w’B etc.). The modified B-version of Lennard-Jones, Longuet-
Higgins and Salem [29] is analogous to considering the bond hardness terms.

The inclusion of hardness corrections may be seen to be equivalent to including
the electron repulsion terms in PPP theories [30]. The energy expressions in PPP
theory are:

E :%Zpij(Hij—I_Ej);
iJ
F, = H™ +apu(ii| i)+ Y pyii]ji),
J=i

F; = H{™ =3 py(ii| jj). (16)

A comparison of (16) with (7) shows a close connection between the two, with
the identifications w; =~ H{™™; p; = H™; m; = (ii|ii); n, = (ii| jj). The definition
of the atomic hardness as the effective interatomic repulsion integral is known
from the Pariser approximation (I-A) [30] and the Parr-Pearson definition of
hardness [4]. The bond hardness represents the interdtomic electron repulsion
integral. The presernce of electron repulsion is reflected in increased hardness.

This connection can be elaborated using the recent definition of local hardness
[6]. Thus using

5°F

1 ’ 14
n(r)=mfmp(r)dh (17)
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where the universal functional F(p] (=E[p]~{ v(r)p(r) dr) is the kinetic energy
plus the electron repulsion, it can be shown that in the valence-only picture, the
kinetic energy part of the functional F does not contribute-hence only the electron
repulsion contribution (classical electrostatic and exchange correlation) deter-
mines the hardness. This argument can be applied to both atomic and bond
hardnesses. The global hardness can be obtained from the local hardness using
the relation n = | 5(r)f(r) dr, where f(r)(=8p(r)/SN) is the Fukui function [8].

4, Modelling of the bord electronegativity and bond hardness

The bond electronegativity and the bond hardness can, in principle, be calculated
from the expressions

-1 J SE
ond — _P(") dr
Hoand Gvona J Op

nbond=J Toona(F) foonalF) d, nbond<r)=—2qj d J 5,,(,5) aI;mP(") ar'
(18)

where the integrations are to be performed over the bond region only.

As already has been mentioned, the bond electronegativity (chemical potential)
at the equilibrium distance is approximately given by the sum of the atomic
elecironegativities (chemical potentials). However, modification of the chemical
potential in the bond region would also be contributed to by the compression of
the atoms. Our plan here is to model the bond electronegativity and the bond
hardness so as to reproduce or predict the other quantities.

For simple homonuclear diatomic molecules, equations can be rewritten for the
dissociation energy D,, the bond charge Q= g, (a negative number) and the

electronegativity of the molecule, y™' as follows:
7 1)
De=—(XO—x)Q—%<n+2no— -k-—)Qz= —Q(Xo_)(), (19)
2 R 2
—(Xo—x)
_ , 20
O v 2Zm-1 k- UR) 20
= -Q 3. k- l:l (21)
Xmol = Xatom n 2 R >

where x, and 7, are the bond electronegativity and hardness. Equations (19)-(21)
are in atomic units. If y and » are to be expressed in electron volts, the terms
involving the dielectric constant k must be multiplied by 27.212.

Table 1 presents numerical results for the values of bond electronegativity and
hardness that consistently conform to the known values of D,, y...; and the bond
charges of Parr and Borkman [21] for some simple diatomic molecules. The bond
hardnesses are lower than the atomic ones while the bond electronegativities are
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higher than the atomic values (x < x,<<2x). The values of the dielectric constant
(k) indicate that it depends on the nature of the bond; for multiple bonds, the
screening is stronger. All these values correspond to the equilibrium distances.
The formalism should, however, be equally applicable at other internuclear
distances, provided the R-dependences of x, and 7, are suitably modelled. We
now turn to that.

In the PPP theory [30], the quantity (I-A), the atomic hardness, is a measure of
the intra-atomic electron repulsion integral. Analogously, the bond hardness here
can be thought of as a measure of the interatomic electron repulsion, and
consequently, as in the PPP theory, this term can be modelled by R™' dependence.
Such a reciprocal correlation of atomic hardness with the covalent radius has
been earlier proposed [27]. More complicated dependence (for example, log 7
varying as log R™") has, however, been shown to lead to better correlation [36].

For modelling the bond electronegativity, one can proceed in several ways. Since
the bond center has constant density (Vp = 0), the kinetic energy can be modelled
after the Thomas-Fermi (perhaps in one dimension) or particle-in-a-box model
[37]. Bond chemical potential then can be evaluated rigorously. However, it has
been argued that the resonance integral (which corresponds to bond electronega-
tivity in this model) involves mainly a kinetic contribution [38]. In the bond
charge model of Parr and Borkman [21], the kinetic energy was modelled as an
R7? dependent term. Therefore, as an initial attempt, we take the bond elec-
tronegativity to have a similar dependence. Rationalization of this R > modelling
follows also from Politzer’s work showing that (Q/ R?) at the equilibrium distance
approximately represents the bond order (p,;) [28]. Comparing (14) with the first
three terms of (7), it is clear that the p,, B,, term represents (Q/R*)(tponaR?).
Hence, since p,; ~ Q/R?, the resonance integral B,; ~ fpona * R that is, fyong ~
B.s/ R*, which suggests a R™> dependence of the bond electronegativity. We
therefore assume '

C
xO=X+R—§ (22)
and
C
”OZEZ' (23)

The dissociation energy (19) can now be written as
71
D, = —(Xo—X)Q—%<n+2no—§k- R;)Q2

Q* CQ
= Q@ (e~ Fk) T~z
At R =R,, D, denotes the equilibrium dissociation energy; for other neighboring
values of R, (24) shows a close connection with the Parr-Borkman bond-charge-

model energy expression, namely [21],
E =W,+W,/R+ W,/R> (25)

(24)
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Table 1 presents the numerical values of C; and C, obtained from the equilibrium
properties, for a few molecules. Also given are the values of C5(= C,/k) defined

no=k-—. (26)

It is interesting that for several diatomic molecules, the value of Cj} is very nearly
a constant. The average value of C} is 32.51+1.42 ¢V. Near constancy is also
observed in the values of C, for a given class of atoms.

Politzer has proposed [24] that the constant term W, in the Parr-Borkman model
energy expression (26) is related to Q® by

W,=B- Q> (27)

Politzer found a linear correlation of B with the ionization potentials of the
atoms. Correlation of B with 1/ R, was also fairly good. Comparison with (24)
shows that the constant B can be interpreted as 7/2; this rationalizes the
correlations observed by Politzer. Pasternak attempted to interpret this term as
an expansion of the type aQ+ bQ’ from consideration of charge transfer when
the atoms are separated to infinity [25]. Our (19) will lead to this result with
a=pu and b=3n if the constant term in the modelling of x, by (22) is properly
chosen. One may also mention a different aproach to W, by Ohwada [40] which
is based on an effective nuclear charge model.

The modelling of bond electronegativity and hardness by (22) and (23) is only
illustrative. However, the near constancy of the parameters C; and C, indicates
that such modelling is meaningful at least for studying the properties at equili-
brium for homonuclear molecules. The prediction of the full potential energy
curve, although of much interest, has not been attempted here and could be
achieved only through better modelling of the R-dependence of these quantities,
especially the bond electronegativity term. Of importance is the study of the
chemical potential of the molecule as a function of internuclear distance, on
which work has started only recently [41].

5. Concluding remarks

The concepts of electronegativity and hardness for the bond region introduced
here provide a means for investigating covalent binding through the electronega-
tivity picture. This gives a generalized electronegativity equalization scheme and
a method for the calclation of partial charges as well as energies for molecules.
Although the present calculations have been restricted to simple diatomics, the
formalism and the concepts are general enough also to describe complex cases.
The approach is a semilocal or regional approach to DFT and as here formulated
constitutes a semiempirical density functional theory.

Such a density functional model can be thought of as a dielectric model which
considers the atoms and molecules as a dielectric medium [42]. Other dielectric
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models for diatomics have also been proposed earlier [43] in the spirit of Phillips
[44]. The recent work of Pearson considers a two-way flow to take into account
the delocalization of electron density corresponding to covalent bonding [5].
Electrostatics is deeply connected to chemical binding. For polar bonds, an
electrostatic model has been proposed by Benson [45].

The present model provides a scheme for calculating the chemical potential of
a molecule from that of its constituent atoms. Although such methods already
existed for heteronuclear diatomics which consider atomic electronegativities
alone, they fail to predict chemical potential changes for homonuclear diatomics.
The concept of bond electronegativity thus broadens the scope of electro-
negativity-based theories.

The connection with the Parr-Borkman bond charge model is only illustrative.
A more accurate comparison could be developed by more correct modelling of
the R-dependence of y, and 7,; this also would permit predicting correct potential
energy curves as well as chemical potential curves.

It may be noted that the bond electronegativity is, in a sense, a “pair electronegativ-
ity”’ [46]—because it is an electron pair (partially of course) which is accumulated
in the bond region whereas the electrons that come from the atoms usually are
single electrons (again partially).

The fact that y, and 7, are analogue of the parameters of Hiickel theory and the
modified B-theories of Lennard-Jones, Longuet-Higgins and Salam [29] suggest
that the reactivity indices introduced by Coulson and Longuet-Higgins [47], viz.,
the self and mutual polarizabilities originally defined through the parameters of
Hiickel theory, can be redefined in terms of density functional concepts. Indeed,
the semilocal generalization of the hardness kernel as well as the softness leads
directly to the concepts of self and mutual softnesses.

More work on these several ideas should prove profitable.
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